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Abstract — Langmuir model is most commonly used
for describing solute sorption in soils. As the
Langmuir model is nonlinear, linearized version of it
is often used so that model parameters can be
obtained by linear regression. Although all the
linearized versions of Langmuir model are derived
from the same model, there are several limitations.
These limitations of using linearized Langmuir
equations were studied by fitting phosphorus (P)
sorption data collected from five different acid soils of
Bangladesh. The sum of squared errors (SSE) and coefficient of determination (R2) values were used to
compare the suitability and applicability of different
linearized models. Depending on the SSE and R2
values, Linearization II best fitted to the data, as
reflected by a decrease in SSE values and an increase
in R2 values. On the other hand, Linearization IV had
the poorest fit to the P sorption data. The results of
this study should promote more critical evaluation of
model fits to sorption data and encourage the testing
of more sophisticated sorption models.
Keywords - Linearized sorption equations, phosphate
sorption maximum, phosphate binding strength, soil,
sum of squared errors, coefficient of determination

1. INTRODUCTION
Sorption and desorption pattern of phosphorus (P) in soil
controls the transport of this ion to the water bodies. To
prepare a sorption isotherm, a known mass of soil is
equilibrated with a solution of known concentration of
the solute. It is often widely used to study the sorption
behavior to soils [1]. The equilibration solute
concentration remaining in solution is measured and used
to calculate the concentration of ion sorbed to the soil [2].
A sorption model is fitted to the data to obtain sorption
parameters for the soil. These sorption parameters are
used to estimate parameters such as the sorption capacity
of the soil or retardation coefficients to be used in
transport modeling. The accuracy of the model
parameters will depend on whether the appropriate

conceptual model was chosen, whether the experimental
conditions were representative of environmental
conditions, and whether an appropriate parameter
estimation method was used [1].
Langmuir model is commonly used for describing
sorption behavior [3-7]. Four different linearized versions
of Langmuir model exists [1] which can be used to obtain
directly model parameters by solving the normal
equations (i.e., by linear regression). Linear regression is
commonly used for obtaining Langmuir sorption
parameters because it is convenient, it requires little
understanding of the data-fitting process and it is easily
done in spreadsheets such as Microsoft Excel [5, 8-14].
The experimental data are required to transform for
linearization that results in modifications of error
structure, introduction of error into the independent
variable, and alteration of the weight placed on each data
point [15, 16]. These modifications often lead to
differences in fitted parameter values among linear
versions of the Langmuir model [3, 4, 6, 17].
The most accurate Langmuir equation will depend on the
error structure of the data because a major assumption in
regression analyses is that the variance of the errors
remains constant. Therefore, if a transformation improves
the constancy of the error variance, then the associated
linear equation will provide better fits and more accurate
parameter estimates than the nonlinear equation [18].
Linearized versions of the Langmuir equation have been
shown to provide slightly better parameter estimates than
the nonlinear equation when the error variance increases
linearly with the dependent variable [19, 20]. The
accuracy of the linearized Langmuir equations is still
unclear. This is of particular importance in P sorption
studies where linearized Langmuir equations are
commonly used for obtaining soil sorption parameters [5,
8-14]. Understanding of the linearized Langmuir
equations is important in P sorption studies because they
are commonly used to obtain important sorption
parameters that are used in sustainable agricultural
system and safeguarding different environmental niches.
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In the present study, sorption data were fitted for
different soil series with four linearized versions of the
Langmuir equation and later, different versions were
compared by using coefficient of determination (R2) and
sum of squared error (SSE) values. Findings of this
research will allow researchers to make more informed
decisions when applying the Langmuir model to study P
sorption capacity of soil.

2. MATERIALS AND METHODS
Soil sampling and preparation
With a view to study phosphate sorption characteristics
of soils, an experiment was conducted in the laboratory
of the Department of Soil Science, University of
Chittagong, Bangladesh. Five different soil series namely
the Borkal (Typic Dystrudepts), the Pahartoli (Aeric
Endoaquepts), the Raojan (Aeric Endoaquepts), the
Noapara (Typic Endoaquepts) and the Manu (Aeric
Dystrudepts) were used in the study. Soil samples at a
depth of 0–15 cm were collected and mixed together to
form a composite sample. The soils were then air dried at
room temperature (25±2 0C) for a week, ground and
passed through a 2 mm sieve.
Chemical analysis
The soil samples were analyzed for particle size analysis,
pH and organic matter. Bouyoucos hydrometer method
was used to determine particle size analysis [21]. The pH
of the soil was determined by using a soil to water ratio
of 1:2.5. Soil organic carbon was determined by wet
oxidation method [22].
Phosphate Sorption Procedures
For sorption study, soil samples (1 g) were equilibrated
in a 50 mL centrifuge tube with 25 mL 0.01 M CaCl 2
solution containing 0, 1, 10, 25, 50 and 100 mg
(equivalent to 0, 25, 250, 625, 1250 and 2500 mg P kg-1
soil) as KH2PO4. The soil samples were then incubated at
room temperature (25±1ºC) for 24 hours. This incubation
time was chosen in accordance with a previous
experiment by Sharpley et al. [23]. The mixtures were
centrifuged and the supernatants were analyzed for
phosphate following the ascorbic acid blue color method
[24]. Phosphorus content was measured by a UV-Vis
spectrophotometer (Optima SP-3000 nano, Tokyo, Japan)
at 882 nm wavelength. Sorbed P was inferred from the
difference between the concentration of soluble P added
in the initial solution and the concentration of P in the
solution at equilibrium. Each treatment was replicated
three times.
Data Analysis:
The Langmuir model, developed for describing the
adsorption of gases to a surface is used extensively for
describing solute and metal sorption to soils [25]:

is the Langmuir binding strength coefficient (L kg-1) and
C is the equilibrium P concentration in solution (mg L-1).
Sum of the squared errors (SSE):
The Sum of squared errors (SSE) was estimated between
observed and calculated values of the dependent variable,
in this case the sorbed concentration, S:
2
SSE =
Where SSE is the objective function to be minimized, N
is the number of observations, wi is the ith weighting
factor, Si is the ith measured value of the dependent
variable, and Si is the ith model-predicted value of the
dependent variable.
Co-efficient of Determination (R2):
The coefficient of determination (R2) measures the
contribution of the linear function of independent
variables to the variation in dependent variables.
Different linearized models of the Langmuir equation
(Table 1) were compared by using both the sum of
squared errors (SSE) and Co-efficient of determination
(R2) values.
Statistical analysis:
The incubation experiment was arranged in the
laboratory according to completely randomized design.
Regression curve fitting equations were drawn by the
Microsoft Office Excel program. Analysis of variance
(ANOVA) was performed by using Minitab statistical
software.
Table 1: Different linearized forms of the Langmuir
equation. The commonly used name is in parentheses [1].
Equation
Linearization I
(Hanes-Woolf)

Linearization
II
(LineweaverBurke)

Linearization
III (EadieHofstee)

Linearization
IV
(Scatchard)

Linearized forms
=1/bLkL+

=

+

S = bL –

= KLbL –KLS

S=
Where S is the concentration of sorbed P (mg kg-1), bL is
the maximum sorption capacity of the soil (mg kg-1), KL
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Limitations
Because x (C) and y (C/S)
are not independent, the
correlation between x and y
is overestimated, i.e.,
equation may provide good
fits to data that do not
conform to the Langmuir
model.
Transformation leads to
clumping of data points
near origin—extremely
sensitive to variability at
low values of S (high values
of 1/S).
Abscissa is not error free; x
(S/C) and y (S) data are not
independent. In this case,
correlation between x and y
is underestimated, i.e.,
equation may provide poor
fit to data that do conform
to the Langmuir model.
x (S) and y (S/C) are not
independent. In this case,
correlation between x and y
is underestimated, i.e.,
equation may provide poor
fit to data that do conform
to the Langmuir model.
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3. RESULTS
Physical and chemical properties of Soils
The physical and chemical properties of the studied soils
are listed in Table 2. The pH of the soil was acidic in
nature with the value ranged from 5.4 to 6.2. The highest
and the lowest clay content of the soil were obtained in
Manu (40%) and Borkal (30%) soil series, respectively.
The organic matter content of the soils was between 1.74
to 2.17%. The organic matter contents of the soils were
varied from 1.42 to 2.16% and total P of the same soils
varied from 383 to 487 mg kg-1.
Table 2: Physical and chemical properties of soils
Soil
pH
Clay Organic Total P
series
(%)
matter
(mg kg-1)
(%)
Borkal
Pahartoli
Raojan
Noapara
Manu

5.42
5.86
5.65
5.45
5.74

30
24
38
25
24

2.09
1.42
1.76
2.16
1.85

383
487
375
392
456

0.03-0.09 (Pahartoli series), 0.14-0.18 (Raojan series),
0.14-0.67 (Noapara series) and 0.09-2.17 (Manu series),
with the mean values of 0.58,0.05,0.16, 0.35 and 0.67,
respectively.
Table 3: Phosphate sorption equations by using linearized
forms of the Langmuir equation
Name of
Soil
Series

Linearized I

Linearized II

Borkal

y =0.010x+0.009

y =0.010x-0.001

Pahartoli

y = 0.001x + 0.030

y =0.027x + 0.001

Raojan

y =0.001x+0.007

y = 0.006x + 0.001

Noapara

y = 0.001x - 0.007

y = 0.003x + 0.002

Manu

y = 0.001x + 0.009

y =0.011x + 0.001

Linearized III

Linearized IV

Borkal

y =-1.078x+680.7

y =-0.184x+236.5

Pahartoli

y = -11.04x +663.7

y =- 0.039x + 40.04

Raojan

y = -5.445x +873.0

y =-0.157x + 148.4

Noapara

y =-2.608x +825.2

y = -0.216x + 232.1

Manu
y = -0.461x + 537.4
y = -0.313x + 309.6
Equation comparisons
The P sorption data of the five soil series were plotted
according to the four linearized forms the Langmuir
Table 4: Sum of squared errors (SSE) and R2 values for
model (Table 3 and 4) (Fig. 1 - 4). Linearization II
the linearized Langmuir equations for five different soils
yielded the lowest SSE values in compare to the other
Name of
Linearized I
Linearized II
four linearized forms of the equation. The SSE values of
Soil Series
the five soils ranged from 38-540380 (the Borkal soil
SSE
R2
SSE
R2
series), 13-487024 (the Pahartoli soil series), 1221250968 (the Raojan soil series), 211- 1315982 (the
Borkal
4928
0.918
38
0.853
Noapara soil series) and 13-204806 (the Manu soil
Pahartoli
7668
0.592
13
0.996
series). The highest SSE values were observed in
linearization IV. The linearization I and II provided better
Raojan
8804
0.754
122
0.723
fits to the data than the other two linearization models, as
Noapara
5409
0.643
211
0.946
reflected by the highest co-efficient of determination.
Analysis of variance (ANOVA) showed that significant
Manu
9187
0.931
13
0.480
variation in bL values were present among the soil series.
However, the bL values obtained from different linearized
version of Langmuir model were not significant
Name of
Linearized III
Linearized IV
statistically. The variations in phosphate binding strength
Soil Series
2
SSE
R
SSE
R2
depending on soil series and different linearized models
were also not statistically significant.
Borkal
92244
0.20
540380
0.20
Phosphate sorption parameters like phosphate sorption
Pahartoli
1754
0.44
487024
0.44
maximum (bL) and phosphate binding strength (KL) were
estimated from four linearized version of Langmuir
Raojan
36183
0.86
1250968 0.86
models (Table 5). The Borkal soil series had the largest
Noapara
109412
0.57
1315982 0.57
phosphate sorption maximum values in compare to other
four soils. Of the four linearization tested, the bL values
Manu
139270
0.14
204806
0.14
ranged from 100-1183 (Borkal series), 634-1027
(Pahartoli series), 873-1000 (Raojan series), 407-1000
(Noapara series) and 537-1000 mg kg1 (Manu series)
with the mean values of 741, 915, 955, 683 and 882 mg
kg-1, respectively. On the other hand, the phosphate
binding strength values, obtained from different
linearized models, varied from 0.1-1.11 ( Borkal series),
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Table 5: Phosphate sorption maximum and phosphate
binding strength calculated from different linearized form
of the Langmuir equation
Name of
Soil
Series

Phosphate sorption
maximum (bL)

L1

Borkal

100

L2

L3

L4

Phosphate binding
strength (kL)

L1

L2

L3

L4

1000 681 1183 1.11 0.1 0.93 0.18

more informed decisions when applying the Langmuir
model to their sorption data.
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